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Abstract. For two-dimensional, immersed closed surfaces / : S — ¥ R n , we 
study the curvature functionals £ p (f) and W p (f) with integrands (l + |A| 2 ) p / 2 
and (1 + \H\ 2 ) V / 2 , respectively. Here A is the second fundamental form, H 
is the mean curvature and we assume p > 2. Our main result asserts that 
W 2 ' p critical points are smooth in both cases. We also prove a compactness 
theorem for W p -bounded sequences. In the case of S p this is just Langer's 
theorem [14] , while for W p we have to impose a bound for the Willmore energy 
strictly below Sir as an additional condition. Finally, we establish versions of 
the Palais-Smale condition for both functionals. 



1. Introduction 

Let E be a two-dimensional, closed diffcrcntiablc manifold and p > 2, hence 
W 2 'P(i:,M. n ) C C 1a ~p (S,R n ) by the Sobolev embedding theorem. On the open 
subset of immersions W^(T,,R n ) we consider the two functionals 

£ p (f) = ~ | s (i + |A| 2 )5d Ms , 

W p (/) = \ j (1 + \H\ 2 )U N . 

Here g denotes the first fundamental form with induced measure fi g , A = (D 2 /)- 1 
the second fundamental form, and H is the mean curvature vector. We prove 
regularity of critical points for both functionals. 

Theorem 1.1. Let f E W^(Z,R n ) be a critical point of W p or £ p , where 2 < 
p < oo. Then local graph representations of f are smooth, in fact real analytic. 

In a graph representation, the Eulcr-Lagrange equations become fourth order el- 
liptic systems, where the principal term has a double divergence structure. The 
systems are degenerate, in the sense that in both cases the coefficient of the prin- 
cipal term involves a (p — 2)-th power of the curvature, which a priori may not 
be bounded. For the functional W p (f), our first step towards regularity is an im- 
provement of the integrability of H. For this we employ an iteration based on a 
new test function argument. More precisely, we solve the equation L g ip = \H\ X ~ 1 H 
for appropriate A > 1 and then insert ip as a test function. Here the operator 
L g = y/det gg a ^d' 1 l p comes up in the principal term of the equation. 
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Unfortunately, the same strategy does not apply in the case of the functional £ p {f), 
since then the corresponding operator is a full Hessian and hence the equation would 
be overdetermined. Instead we hrst use a hole-filling argument to show power decay 
for the LP integral of the second derivatives, and derive L? bounds for the third 
derivatives by a difference-quotient argument; these steps follow closely the ideas 
of Morrey [16] and L. Simon [19]. In the final critical step we adapt a Gehring 
type lemma due to Bildhauer, Fuchs and Zhong [5] as well as the Moser-Trudinger 
inequality to get that the solution is of class C 2 . Since it is also not immediate how 
to modify the £ p (f) approach to cover the functional W p (f), we decided to include 
both independent arguments. 

As second issue we address the existence of minimizers for the functionals. By 
the compactness theorem of Langer |14) . sequences of closed immersed surfaces 
f k : S -> R™ with £ p (f k ) < C subconverge weakly to an / e W?* (E, E n ), after- 
suitable reparametrization and translation. In particular, we obtain the existence 
of a smooth £ p minimizer in the class of immersions / : E — > M. n for p > 2. On 
the other hand, boundedness of W p (f) is not sufficient to guarantee the required 
compactness. This is easily illustrated by joining two round spheres by a shrinking 
catenoid neck, showing that the 87r bound in the following result is optimal. 

Theorem 1.2. Let E be a closed surface and ff. £ W- 1 ' p (E,R n ) be a sequence of 
immersions with <E /&(S) and 

W p {fk)<C and liminf - [ \LL k \ 2 d[i gk < 8ir. 

After passing to fk oi Pk for appropriate (fk € C°°(E, E) and selecting a subsequence, 
the fk converge weakly in W 2 ' P (T,, R fc ) to an f e W il ^(H,M. n ). Ln particular, the 
convergence is in C 1 '^(E,R") for any (3 < 1 — - and we have 

W p {f) < liminf W p (f k ). 

k— >oo 

A classical approach to the construction of harmonic maps, due to Sacks & Uhlcn- 
beck [18], is by introducing perturbed functionals involving a power p > 2 of the 
gradient. One motivation for our analysis is an analogous approximation for the 
Willmore functional 

(1.1) W{f) = \J \LL\ 2 dfi a = \j \A\ 2 d N + ttx(E). 

The Willmore functional does not satisfy a Palais-Smale type condition, since it 
is invariant under the group of Mobius transformations. In Section [5] we verify 
suitable versions of the Palais-Smale condition for the functionals £ p and W p with 
p > 2. In a forthcoming paper, we study the limit p \ 2 in the case of £ p {f), 
proving a concentration compactness alternative and a partial blowup analysis. 

Curvature functionals with nonquadratic growth appear also in the work of Bellet- 
tini, Dal Maso and Paolini [3] as well as Ambrosio and Masnou [l j . However their 
focus is much different, for instance the latter paper is motivated by applications 
to image restoration. 
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2. The Euler Lagrange Equations 

Here we compute in local coordinates the Euler Lagrange equations of the func- 
tionals £ p {f) and W p (/). For an immersed surface the fundamental forms are 

g a f) = {d a f,dpf) and A af3 = P" L (^ /3 /). 

Here P 1 - is the projection onto the normal space given by 

p ± = id- g aP (d a f,-)d p f. 

We compute further 

\A\ 2 = g^g^(P^f,d 2 x f) and \H\ 2 = <f* 'g^(P^d 2 a0 f,d 2 x f). 

On the open set of TT 2,P immersions, both £ p and W p are differentiable in the sense 
of Frechet. The derivative of £ p is given by 

D£ p (.m = \Jjl + \A\ 2 ) P -^g^g^{P^dl f,d 2 x 4>)^r g 



Off, 

In particular if f(x) — (x, u(x)) where u e IT 2,p (0, M n ~ 2 ), then / is a critical point 
of £ p if and only if u is a weak solution of the system 

(2.2) dl (af(Du,D 2 u))+d a (b^(Du,D 2 u))=O (l<t<n-2), 

where the coefficients are given by 

af (Du,D 2 u) = (1 + |A| 2 )^v^et^^V A (^ - gTd^d^)^ 

bf(Du,D 2 u) = 

-g^ + l^l ) 2 — q£ '-d 2 x ^diy^/detg 



For \p\ < A and V = (1 + M 2 )^, where p,q are the variables corresponding to 
Du, D 2 u, one easily checks the bounds 

\D q a\ < C(A) V p ~ 2 
|a| + |£) p a| + \D q b\ < C{A)V p - 1 
\b\ + \D p b\ < C(K)V p . 

Moreover, the system satisfies the ellipticity condition 

daf 



dq; 



> A^ p - 2 |er where A = A(A) > 0, 
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For the first variation of W p (/) one obtains 

+ |/ n d + |g| 2 )^( a(g y X) g^ fc ^/,^/) 

Putting L g <p = Vdet g g~ fX d 2 x (f> the first variation takes the form 

(2.3) DW p (m = ~ ! (1 + l# l 2 )^ <#> L 9 0) + / Sf (£>/, D 2 /)c^, 
where 

Bt(Df,D*f) = |(1 + |g| 2 )^( a(ff7 ^ F " ) ^/,^/) Vdel^ 
1/-, i Tr ,2x£ cVdcto 

+ i (1+|i/|)2 ^r- 

When passing to graphs we have under the assumption \p\ < A 

(2.4) \B\ + \D p B\ < C(A) V p - 2 \q\ 2 and |£>,B| < C(A) V p ~ 2 \q\. 

3. Regularity of critical points 

3.1. The functional W p . For O C K 2 and p > 2, let / : O -> M" be the graph of 
a function u € W 2 ' p (Vl, W l ~ 2 ). Recall from JO} that / is a critical point of W p if 
and only if 

(3.1) f (H,L g tp) + [ B?(Du,D 2 u)d a (p l = for aU tp G W 2 ' p (fi,M n ). 

Here W=(l + |-H"| 2 )' _1 -ff and the functions B l a satisfy the bounds (|2^gj) . We have 
the following result. 

Theorem 3.1. Weafc solutions u <E W 2 ' p (fl, R n ~ 2 ) of ((HHJ) are smooth. 

3.1.1. W 2,q -regularity. We start by stating a regularity property for the mean cur- 
vature system. For a graph of a function it g VF 2 ' p (fi, K™ -2 ), the weak mean 
curvature satisfies for j = 1, . . . , n — 2 the formula 

(3.2) g^{S tj - g^d x u l d^)d 2 ap u l = W+ 2 . 

Since p > 2 the left hand side may be viewed as a linear operator of the form 
a t/®ap u *> wri ere the coefficients are Holder continuos with exponent 1 — | > 
and the ellipticity constant is controlled by the H /2,p -norm of the function u. In 
particular, if we know H g L 9 (fl, K") for some q g (p, oo), then standard L 9 theory 
yields u € W, ''(O, R n_2 ) together with a local estimate 

(3.3) \\u\\ W 2, q{n , } <C{ P ,q,A)(\\H\\ Lq{n) + l) ii \\u\\ W 2, P{n) < A. 
The dependence on the domains Q' GZ Q is not mentioned explicitely here. 
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Lemma 3.2. Let u € W 2 ' p (fl,R n 2 ) be a weak solution of (|3.ip . Then for any 
ip G W 2,p (fl) and any test function r\ G C 2 (fl) we have 

V {H,L g <p)<C [ (l + \D 2 u\ 2 )H\^\ + \D v \), where C = C(\\r)\\c*). 

J Spt Tj 

Proof. Expanding 

L g(vf) = V L g<*P + <P L gV + 2^/det gg a Pd a r)dp<p, 
we see by combining with (|3.1[) and (|2.4[) that 

7?<^,£^) < C ( {l + \D 2 u\ 2 f> (\D V \\<p\ + \ V \\D<p\) 



+C / (l + |D 2 U | 2 )^"(l^llvl + |X>»7||X>vl)- 
This implies the lemma. □ 

We are now ready to improve the integrability of D 2 u. 

Theorem 3.3. Let u G W 2 ' p (^,R n ~ 2 ) be a weak solution of (f3~Tj) where p > 2. 



TTiera it G W^Q, R n " 2 ) /or any a G [p,oo). 



Proof. Assume we know already ||w||vp 2 i«(B r ) < A where q > p. For \H\a — 
miri(|.ff|, A) with ^4 > and a parameter A G (1,9), we use i 9 -theory to obtain a 
solution </3 G W 2 ^ n W 1 ' 9 (B r ,M n ') of the linear equation 

L g p> = \H\ X ^H. 
As 1 < j- < oo the function <p satisfies 

\M w ,i (BT) <C\\\H\^H\\ LUBr) <C{K). 
By the Sobolev embedding theorem, we have for A < % the estimate 

IMIcmb.) < C(A), 
while for | < A < q we get instead 

IMIwi.«(B r ) < C(A) for s = 2A 2g - G [l,oo). 
Now Lemma 13.21 implies that 

/ \H\ p \H\\- l <c( [l + \D 2 u\ 2 )i (M + \D<p\) <C(A), 

Jfii JB r 

2 

under the condition that either 1 < A < | , or that | < A < q with 

P 1 ,3o 

- + - < 1 A < — - p. 

q s 2 

Letting 4 / oo we get i? G L p+x - 1 (Br) ) and then obtain u G VF 2 '^- 1 ^,!^ 2 ) 

from (|3.3j) . We can now set up an iteration to get u G W,^(Ct) for all q < oo. As 

initial step we choose q = p and 1 < A < |, which brings us to q < -# — 1. 

For p < g < 2p we can take A = — p, improving the exponent to -$ — 1. 

After finitely many iterations, we arrive at some g > 2p. Now we continue with 

| < A = g — p + 2 < ^ — p and obtain the desired higher integrability. □ 
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3.1.2. Wr ' -Regularity ofH. In this subsection wc use difference quotient methods 
in order to show that U € W^. For h > 0, / : Cl -> R k and fixed v £ {1, 2} we 
define 

f h (x) = i (/(a: + fee,) - /(a:)) 

In the first Lemma we compare the difference quotients of H with the ones of H 
and \H\ 2 . 

Lemma 3.4. Let u be as in Theorem \3.1\ and let Cl' (JZ Cl. Then, for every 
1 < q < oo and for all h > small enough we have for all x € CI' 

\(\H\ 2 ) h \(x) + \H h \(x)<$(x,h)\H h \(x), 

where 

' \${x,h)\ q dx<C{q). 

Proof. We have \H\ 2 = (1 + |iT| 2 ) p ~ 2 |iT| 2 and we get from the mean value theorem 
(\H\ 2 ) h (x) =((1 + \H\ 2 Y-*) h (x)\H\*(x + he v ) + (1 + \H\y~ 2 {x){\H\ 2 ) h {x) 

(3.4) = (\H\ 2 ) h (x)[(p 2)(1 + e(x)r 3 |i/| 2 (^ + he v ) + (1 + |^| 2 )*- 2 (i)], 
where < < \H\ 2 {x) + \H\ 2 (x + he v ). Hence we have 

\(\H\%\(x)<\(\H\ 2 ) h \(x). 
On the other hand we calculate 

(\H\ 2 ) h (x) = {U) h {x)U{x + he v ) + {U) h {x)U{x). 
Combining this with Theorem 13.31 proves the first estimate. 
Another application of the mean value theorem yields 

H h {x) - H h (x)(l + m^i-^x + he,) + (| - 1)(1 + i{x))i- 2 {\H\ 2 ) h (x)H{x), 

where < £(x) < \H\ 2 + \H | 2 and hence the second estimate follows from the first 
one. □ 

We have the following Corollary. 

Corollary 3.5. Let u be as in Theorem \3.1\ and let B r C CI. Then, for every 
1 < s < oo and for all h > small enough we have 

(3.5) [ v 2s \(D 2 u) h \ s <C f $(x,h)(r, 2s \(H) h \ s + l), 

J B T J B r 

where r\ £ C^ D {B r ) is a smooth cut-off function and $ satisfies 



[ \$(x, h)\ q dx < C(q) V 1 < q < oo. 
J B,. 



Proof. Using Q3.2p we see that Uh solves 

</(■ + he v )dl p u{ = Hi +2 - {af) h d 2 af} u* =: W(x), 
where a?f = g afi — g^dx^d^). 
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Using Theorem 13.31 and Lemma T3.41 a standard estimate shows that there exists a 
function h) satisfying 



|$l(2^)| 9 ^<C(g), 

for all 1 < q < oo and all h > small, such that 

\H\(x) <$i(x,h)(\H h \ + l 
Next we use standard L p -theory in order to get for every 1 < s < oo 
J \D 2 {r, 2 u h )\ s <C J (y 2s \H\ s + \Du h \ s + \u k 



<C / $ 2 (x,h)(\H h \' + l 



where §2(x,h) satisfies 

\§ 2 (x,h)\ q dx<C{q), 



for all h > small and all 1 < q < 00. 
Since moreover 



V 2s \(D 2 u) h \ a <C / (\D 2 (n 2 u h )\ s + \D{rfu h )\ s + \rfu h \ s ) 
<C [ \D 2 ( v 2 u h )\ s + C f $ 3 (x,h), 



for some function $3 with the same properties as $1 and $2, this finishes the proof 
of the Corollary. □ 

Now we are in a position to prove that H € W^ 2 (fl). 

Proposition 3.6. Let u £ W 2 ' p (£l, K™~ 2 ) be as in Theorem [3J[ Then we have 

that He w^ 2 (n,R n ). 

Proof. Taking difference quotients of equation (I3.1[) we get 

(3.6) d 2 a0 (^gg^n) h - d a {B a (Du,D 2 u)) h = 0. 

We abbreviate U(x) = (Du(x), D 2 u(x)) and we use the fundamental theorem of 
Calculus to write 



(foU) h {x) = l(f(U(x + he u ))-f(U(x)j) 



T f i /((! - W T ) +tU(x + he,)) alt 



dt 

Df((l - t)U(x) +tU{x + he,)) dt ■ U h (x). 
Using the notation f h (x) — f Q /((l — t)U(x) + tU(x + he,)) dt we thus get 
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and the system (13. 6j) takes the form 

(3-7) dlp((^g a P)(x + he v )H h )+dlp((^gg a %-H)-d a (B a {Du h ,D 2 u h )) =0. 
Here the coefficients are given as follows: 

B a (x,z,p,q)={ — ) (x)q{ + ( — j) (x)p{. 

In order to state bounds for these coefficients, we introduce the abbreviation 

I s ,h(x) = (l+ |(1 -t)D 2 u{x) + tD 2 u(x + h)\ 2 y /2 dt. 
Using (|2.4[) we then obtain 

(3.8) \B{p,q)\<c(l p ^ h {x)\q\+I p , h {x)\p\). 
For ||Du||ioc < oo we get 

(3.9) \(V99-%n\(x) < C(l + \D 2 u\ 2 y-^{x)\Du h \{x) 
and moreover the operator 

Lv(x) := (V99 a0 ){x + he v )% p v(x) 

is strongly elliptic. We let B r C £1 and by standard L p -theory there exists a solution 
(pe ^"n^ 1 ' 4 ^,!") of 

L(p = n 

satisfying 

IIV?l|w 2 - 4 (B r ) < C\\%\\ L 4(B r )- 

Next we let rj € C^°(i3 r ) be a smooth cut-off function and we define (p^ — rfph. A 
standard computation then shows that 

Lip h =i] 4 H h - (Vgg al3 )h(x + he v )d'ip(ri i ^)(x + he y ) 
+ ^ 2 (v(V99 a0 )(x + he u )d a r)dp<p h 

+ v(V99 aP )(x + he v )d%r]^ h + 3{^gg afs )(x + he^d^dpiqCp^ 
^Uh+rfR^D^D 2 ^] 
and, by using standard L 2 -estimates, we conclude 

\\<Ph\\w 2 > 2 (B r ) <C{r)(\\l] 2 H h \\ L 2 (Br) + Wif&hWw^iBr) + \\ R [<Pi D( P, D2 <P}\\L 2 (B r )) 

(3.10) <C(r)(|| ?7 2 ^|| L2(Sr) + (^ $(x,h)dx)$), 

where here and in the following we let $(x, h) be a function satisfying 
/ \®{x,h)\ q dx < C(q) V l<q<oo. 

Sobolev's embedding theorem then gives for every q < oo 

\W\\w^(b t ) < C(r)(\\rfHh\\L*{B T ) + ( / §{x,h)dx)^). 
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Using iph as a test function in (|3.7|) we conclude 

V 4 \n h \ 2 <C f (K^gg-^HWD 2 ^ + \B(Du h , D 2 u h )\\D<p h \ 

B r J B T V 

+ r ] 2 \'H h \\R[^ 1 D^,D 2 g>]\) 
=1 + 11 + III. 

Next we estimate all three integrals separately. We start with /. Combining 
(|3.10|) . Theorem 13.31 and Holder's inequality we conclude 



<( 



i <c\\D 2 cp h \\ LHBr) ( / (i + i^i 2 )?- 1 ^! 2 ) 5 

JB r 

:C(f <f>(x,h)dx)?(\\rfH h \\ L 2 {Br) + ([ $(x,h)dx)?) 



B r JB r 

<s [ v 4 \n h \ 2 + c [ <t>( x ,h)dx 

JB r JB T 



Using Corollary I3.5| (|3.8|) and Holder's inequality we get 

II <C\\<p h \\ w i, HBr) ( [ ll hh ^\D 2 u h \? +I$ h \Du h \i)i 

J B r 

<C\\<p h \\w^ B r)((f B V 3 \D 2 u h \i)Hj B Il\ h )^+ j B *(x,h))l) 
<C\\cp h \\ w r, H B r )((J g r) 3 $(x,h)\H h \i +$(x,h))* 
■{J $(x,h))T2 +(J $(x,h))iy 
Using the fact that (p S W 2 ' 4 (B r ) we get for h > small enough 

ii <s [ 7 1 i \n h \ 2 + f $(x,h). 

JB r JB T 

Finally we get 

III<s[ 7 1 4 \'H h \ 2 + [ \R[<f,Dip,D 2 ip}\ 2 

J B r JB r 

<S [ rf\H h \ 2 + [ $(x,h). 

J B r JB r 

Combining all these estimates yields for 5 small enough 

/ rf\H h \ 2 < f *(x,h) 

J B r JB r 

and therefore we can let h — > in order to conclude that H £ W, ' (fi,R n ) with 



/ rf\DU\ 2 < C 



for all K cc fl. □ 

Corollary 3.7. Let u € W 2 ' p (il, W l ~ 2 ) be as in Theorem\?U\ Then we have that 
H e W^(Q,M. n ) and u € Wf ' c s (ft, R"~ 2 ) for all s < 2. 
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Proof. Combining Theorem 13.31 and Proposition 13 .61 we get that 

\H\ 2 eW^(Cl) 

for all s < 2. Using the formulas 

(3.11) D\H\ 2 = D\H\ 2 ({1 + \H\ 2 f- 2 + (p- 2)|H| 2 (1 + \H\ 2 y~ z 
and 

(3.12) (1 + \H\ 2 )^DH = DH- + \H\ 2 )^ HD\H\ 2 , 
we conclude that 

|DiT| <C{\DH\ + \D\U\ 2 \). 

Therefore we get that 

for all s < 2. Arguing as at the beginning of this subsection we conclude that 

for all s < 2. □ 

3.1.3. Higher regularity. In this last subsection we show the higher regularity for 

solutions of (pTT)l . We start by showing that "H G W 1,2+7 (n, R") for some < 7 < 
1 

2 • 

2 1 2 

In order to see this, we let B r C fi and we let pi G VK 2 '~ n W ' ^ (B r , R n ) be 
the solution of 

satisfying 



Sobolev's embedding theorem yields 

IMU~(B r ) + ll-Dvill^ (Br) < ^II^II^V)- 

Next we let 77 G C^(B r ) and we define </?i = t? 4 Vi- We conclude that 
Lip x =rj A \n h \m h + 8r?( y /gg af> )(x + he v )d a r)d m 
+ WMVg^X* + he v )(3d a r)dpr, + r,d 2 a0 r,) 
=^\H h \ rf H h + ri t L[(p 1 ,D Vl ]. 
Moreover we have that 

H^ilU- (flr) + Wx\\ h ^ {Br) + H^lll^^) < OWHhW^y 

Now we use (p\ as a test function in equation (|3.7[) and we conclude 

+ r?\H h \\L[<p 1 ,D<p 1 ] 
=i) + ii) + iii). 
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As before we estimate the three integrals separately. Using Q3.9j) and Holder's 
inequality we get for h small enough 

^) <C||i} 2 ^i|| ||(l + |D 2 u| 2 )^|Du h ||| 2 

<c. 

Corollary 13. 71 and fl3.8[) imply for /i small enough 



ii) <C\\D<pi\\ L z (\\D 2 u h 



(B r )\"~ "" ll L^(B,) ll ^ 1 ' /l|l LT^7(i3 r ) 

+ llDU/jll 4 , 1 1 J D 1 1 4 

<C. 

Finally we have 

Hi) <C\[Hh\\L 2 (B r )\\ l Pt\\w 1 > !i (B r ) < C. 

Combining thes estimates we conclude 

/ \n h \ 2+ ^ < c 

JBt 

2 

and therefore we get that 

neW^(fl,R n ). 
In particular this implies that H £ Lf£ c (rt,R n ~ 2 ) and hence 

\H\ 2 G <' c 2+7 (tt). 
Now we can argue as in the proof of Corollary 13.71 in order to get 

«e^ +7 ((],l"- 2 ). 

By the Sobolev embedding theorem this gives 

ueC^(n,R n - 2 ). 

for some j3 > 0. The smoothness of solutions of equation (|3.1|) now follows from 
classical Schauder theory. 

3.2. The functional £ p (f). Here we consider for p > 2 weak solutions u G 
W 2 ' p (ft,W n ) of elliptic systems in two independent variables of the form 

(3.13) d 2 a p [a^g(-, u, Du, D 2 u)] + d a [b l a {-,u, Du, D 2 u)] + c\-,u, Du, D 2 u) = 0. 

We assume that a, b, c are C 1 functions satisfying the following ellipticity and growth 
conditions at all points (x, z,p, q), for V(x, z,p, q) = (1 + M 2 ) 1 / 2 and for constants 
A > 0, C < oo: 

(3-14) A ,>A^-W, 

|o,| < CF- 2 

(3.15) |a| + \a x \ + \a,\ + \a p \ + \b q \ + \c q \ < CV^ 1 

\b\ + \b x \ + \b z \ + \bp\ + \c\ + \c x \ + \c z \ + \cp\ < CV p . 
As noted in section [21 the graph function of a critical point for £ p satisfies a system 
of the required form, with suitable bounds (|3.14[) and (|3.15|) . Therefore Theorem 
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II . II is a consequence of the following Proposition [ITU and standard higher regularity 
theory, for which we refer to |16j . 

Proposition 3.8. Let u e W 2 ' p (fl,R m ) be a weak solution of (|3.13[) . where 
p > 2 and 1] C I 2 , and assume that (|3.14j) and ()3.15j) ZioM. TTien it belongs 
to Cf£ (0,R ro ) /or some a > 0. 

Remark 3.9. j4 related regularity result, for junctionals where the integrand satis- 
fies a more general (anisotropic) ellipticity condition but depends only on the second 
derivatives, was proved in [4] . A crucial ingredient both in [4] and in our paper is 
the Gehring type lemma from Bildhauer, Fuchs and Zhong [5] . 

3.2.1. Growth estimate. In a first step we show a growth estimate for the L p -norm 
of the second derivatives of weak solutions of the system (|3.13p . 

Lemma 3.10. Let p > 2. There exist r<j > 0, (3 > and C > such that if 
u G W 2,p (il, R m ) is a weak solution of the elliptic system (j3. 13[) which satisfies 
(13.141) and (|3.15l) . then we have for every B 2r (x) C ft with r < r that 

(3.16) f V p <c( — Y. 

Jb t {x) \r J 



Proof. Let r > 0. Since u € W 2 > p r)L oc (n,W m ) we get from the Sobolev embedding 
theorem that u S C 1,7 (f2, R m ) for some 7 > 0. Now we choose xq S O and 
we let < 2r < min{2r , dist(cc , 9f2)}. Moreover we let A r — B 2r \B r (x ) and 
ip E C^°(B2r(xo)) be a smooth cut-off function which satisfies 

(3.17) 0<(p<l, (p=l in B r (x ), ||VVIU°° < cr~ J Vj € N. 
Finally we define the linear function l r by 

lr{x)= \hL u+ix ~ xo) '\hL Du - 

^From this definition it easily follows that we have the estimates 

(3.18) \\u-l r \\ L ~ {Bar ) + r\\D{u~l r )\\ L ~ (B2r) < Cr 1+ "< and 

(3.19) \\u - l r \\Lp(A r ) + r\\D(u - l r )\\Lp(A r ) < Cr 2 1 \D 2 u\ I LP {Ar) . 

Now we choose <p 4 (u — l r ) as a test function in the weak form of the system (|3.13p 
and we get 

I / AL^>i<c/ y\\b\\D{u-l r )\ + \c\\u-l r \) 
Jn Jn 

+ Cr' 1 f <p 3 (\a\\D(u - l r )\ + \b\\u - l r \) 

J A r 

+ Cr~ 2 / <p 2 \a\\u - l r \ 

JA r 

=1 + IL + LIL. 
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Using the ellipticity assumption and the bound \a(x, z,p, 0)| < C (which follows 
from (|3.15p ) we estimate 

q % a pa t ap {x,y,z,q) = q % ap a % a p(x,y,z,0)+ql l pds a 1 , (x,y,z,tq)dt 

>ql l ^(x 1 y,z,0) + X\q\ 2 / (1 +t 2 \q\ 2 )^ dt 



> xv p - c 



where A > is some number. Next we use (|3.15l) . Holders inequality and the 
estimates p. 181) and p,19[) to obtain 

I <Cr< [ <p 4 V p , 
Jn 

II<Cr~< J V p + Cr' 1 \\V\\l' v \ AT) \\D{u-lr)\\ L ^A r )<C V p and 
III<Cr- 2 ([ VP^Wu-lrW^A,.) < C [ V p . 

JA r J A r 

Combining all these estimates and choosing ro small enough we conclude that there 
exists a constant C\ > such that 



V p < d / V p + Cr 2 

B r J A r 



Adding C\ J B V p to both sides of this estimate we get 

V p < „ Cl f V p + Cr 2 



'Br Cl + 1 Jg 2r 

The estimate (|3.16|) now follows from a standard iteration argument. □ 



3.2.2. Difference quotient estimates. In a second step we use the difference quotient 
method to show that every weak solution u £ W 2 ' p n L°°(n,R m ) of (|3T3l) is in 
W 3 < 2 (B^(x ),M. m ) and that moreover U = V% £ W^iBro (x )), where x £ fl 
and ro is as in Lemma 13.101 (in the following we allow the constants to depend on 
ro). We follow closely the methods developed in jTB] and [T5] . 

In the following we use the abbreviation U(x) — [x, u(x), Du(x), D 2 u(x)) . Ap- 
plying the difference quotient to the equation (|3.13p and interchanging with the 
derivatives yields 

(3.20) d% [o^ o u] h + d a [bi ou] h +[eo u] h = 0. 

We may use the fundamental theorem of Calculus to write 
[foU] h {x) = ±(f(U(x + he v ))-f(U(*))) 

j /((l - t)U(x) +tU{x + he v )) dt 

[ Df((l - t)U(x) +tU(x + he,,)) dt ■ U h (x). 
Jo 
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Using the notation f h (x) — L /((l — t)U(x) + tU(x + he v )) dt we thus get 

and the system (|3.20[) takes the form 
(3.21) 

d lfs [a j a p{;u h ,Du h ,D 2 u h )] +d a ~b l a {-,u h ,Du h ,D 2 u h ) + d l (-,u h ,Du h ,D 2 u h ) = 0. 
Here the coefficients are given as follows: 

- <t(x ,,, M) A V„i„ + (^)Vw + (^) W 



dbt \h 



x 



dbl\h 



dbl\h 



dp 

In order to state bounds for these coefficients, we introduce the abbreviation 

I s>h (x) = J (l+ |(1 -t)D 2 u(x) + tD 2 u(x + h)\ 2 y /2 dt. 
Using (|3.14[) and (|3.15|) we then obtain 

\a(x,z,p,q)\ < C(l p -2, h {x)\q\ + I p ^ h (x){\p\ + \z\ + lj) 
\b(x,z,p,q)\ + \c(x,z,p,q)\ < C (l p _ 1>h (x)\q\ + I Pjh (x)(\p\ + \z\ + 1)). 
As above we define the linear function lh >r =: lh by 

lh(x)= \hL Uh+{x ~ x ° y \hL DUh - 

Using again the test function tp A {uh — lh)> we infer 

aipdlpuitp 4 <C J (l p - 1<h \D 2 u h \ + I Pth (\Du h \ + \u h \ + 1)) 

• (\D(u h - l h )\ + \u h - l h \) ^ 
C f 

+ - (l p ^ h \D(u h -l h )\+I p ^ h \u h -l h \)\D 2 u h \<p 3 
C f 

H / (lp-i,h\D(uh - lh)\ + Ip,h\ u h - lh\) 



dc l \ h , 



{\Du h \ + \u h \ + l) if 3 
C 



J (l p - 2 ,h\D 2 u h \ + I p - hh (\Du h \ + \u h \ + 1)) 



\uh -h\<p 2 



CURVATURE FUNCTIONALS WITH SUPERQUADRATIC GROWTH 15 

On the other hand we have the ellipticity condition (using (|3.14|l ) 

+ 
+ 

+ 

> 

Combining the two inequalities we arrive at 

J I p - 2 , h \D 2 u h \ 2 v 4 <C f I p - 1>h \D 2 u h \(\D(u h - l h )\<p 4 

3 

+ \u h - l h \(<p 4 + ^-) + (\Du h \ + \u h \ + 1)</) 
r / 

/3 2 
I p -2,h\D 2 u h \(\D(u h - l h )\^- + \u h - l h \^j 

+ C I ' I p<h {\Du h \ + \u h \ + 1) (\D(u h - l h )\(p* 

+ \u h - l h \(<p 4 + ^-)) 
r / 

/3 
I p . x , h (\Du h \ + \u h \ + 1) (\D{u h - l h )\f- 

2 

1 /2 1 /2 

Using I p ~i,h < I p -2 h^p h an d absorbing the second derivatives of Uh yields 
j I p - 2 , h \D 2 u h \ 2 <p 4 <C Jl Pth (\D{u h - l h )\ 2 + \u h - l h \ 2 + \Du h \ 2 

/2 
I p ,h\u h -l h \ 2 ^j 

+ c J ip_ 2Jl (\D{u h - h)\ 2 ^4r + \u h - i h \ 2 ^) 
=i + ii + in. 

Before continuing we need to recall the following Lemma which is essentially due 
to Morrey [16] . Lemma 5.4.2. In the form stated here it can be found in |19j . 

Lemma 3.11. Let r > and let the function q > be such that 

/ q < cs 1 

JB s (x)nB r 



f 


d <0 


Jo 




f 






d A 


f 
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f 




10 


dx v 



{{l~t)U{x)+tU{x + h))q l af} q{ ll dt 
((l-t)U(x)+tU(x + h))p i x q l p dt 
((1 - t)U(x) + tU(x + h))z 3 ql p dt 

({l-t)U{x)+tU{x + h))q l a0 dt 
C\Ip^h\q\ 2 ~ CI p -i, h \q\(\p\ + \z\ + 1). 



16 ERNST KUWERT, TOBIAS LAMM, AND YUXIANG LI 

for all B s (x) C B r . Then for every e > there exists C e > such that 
f q\v\ 2 <er~<[ \Dv\ 2 + CW~ 2 [ \v\ 2 . 

J B r J B r J B r 

Next we use this Lemma in order to estimate the terms 1-111 from above. By the 
definition of I P} h and Lemma T3. 101 we get that 

/ I P ,h < Cs p 

JB B {x) 

for all B s (x) C B 2r C B ro and some < j3 < 1. Hence we can apply Lemma \'3. Ill 
and Holder's respectively Poincare's inequality to estimate 

II <Cr^ 2 \\D(u h -l h )\\ 2 L2{B2r) . 

Using the same argument we get 

I<Cr? [ ip 4 (\D 2 u h \ 2 + \D(u h -l h )\ 2 ) 

JB 2 r 

+ Cr?- 2 f (\Du h \ 2 + \D(u h - l h )\ 2 + \u h \ 2 + \u h - l h \ 2 + I p . h ). 



Inserting these two estimates into the above estimate for J I p ^2,h\D 2 ui l \ 2 (p 4 we 
conclude that 



I p -2, h \D 2 u h \ 2 <p 4 <Cr? / V \\D 2 u h \ 2 + \D{u h - l h )\ 2 ) + Cr^ 2 / (\Du h \ 2 
+ \D(u h - l h )\ 2 + \u h \ 2 + \u h - l h \ 2 + I p . h ^j 

(3.22) +cj I p _ 2 . h (\D(u h -l h )\ 2 ^ + \u h -l h \ 2 ^y 

Next we use Holder's and Poincare's inequality to get 

J i p -2, h (\D(u h - Wl 2 ^r + K - ^I 2 tt) 

<C\\I p - 2 M\ Ll £i , B S r ~ 4 \\ u h - lh\\ 2 LP[A r) +r~ 2 \\D(u h - l h )\\ L p(Ar)) 
<Cr- 2 \\I p ^ h \\ L _^ {B J\D(u h - Z ft )ll! W 

Since u £ W 2 ' p (fl) we know from Theorem 3.6.8 in [16] that 
I Sth V s in V 1 < s < p. 

We combine all the above estimates to get (//, d^u + (x — xo)^f A d v Du) 

f <p%_ 2 , h \D 2 u h \ 2 <C(1 + r- 2 ) f V*> + Cr^ 2 f \D 2 u\ 2 + Cr? . 

J J B^r ** B%r 

In particular this estimate is true for r = ^ and therefore we can let h — > to 
conclude 



(3.23) j V p - 2 \D 3 u\ 2 <C(l + r - 2 ) f V p + cr^ 2 f \D 2 u\ 



a -' a 1 Crl 



Hence we have that u £ W 3 ' 2 (Bzs_) and by the Sobolev embedding theorem this 
implies u S W 2 ^{Bzs_) for all q < oo. Moreover the above estimate yields that 
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U G W 1 ' 2 (Brg.). Altogether this shows that we can improve Lemma 15. 101 to get the 
estimate 



(3.24) / V p < 



for all r < S and all S > 0. 

— 16 



„2-S 



3.2.3. Higher regularity. In order to obtain the higher regularity for weak solutions 
of (|3.13j) we need to recall the following estimate from the previous subsection: 



<AL A< <C j ^(l p ^ h \D 2 u h \ + I p , h (\Du h \ + \u h \ + 1)) (\D{u h - l h )\ 
+ \u h - lh\) 

+ jj ^(l P -2,h\D{u h -l h )\+I p ^ h \u h -l h \^\D 2 u h \ 
+ jj ( l p-i.h\D(u h ^ l h )\ + Ipj^Uh - l h \J (\Du h \ 
+ \u h \ + l) 

J V 2 (l P -2,h\D 2 u h \ + I p _ 1>h {\Du h \ + \u h \ + 1)) \u h - l h \ 



C 



=/+...+ IV. 
This time we choose lh such that 

(uh - hi) =0 and 

B 2r 

(Du h - Dl h ) =0. 

Because of (|3.24l) and the strong convergence I s< h — > V s in we have for every 
r < jg, every h small enough and every 5 > 

„2-<5 



(3.25) / I p m < cr 



Now we estimate again each term seperately. We start with /. By Young's inequal- 
ity we get 

I<eJ ^ 4 I p -2M\D 2 u h \ 2 + C J ^I p , h (\Du h \ 2 + \u h \ 2 + l 
+ C f <p%, h (\D(u h -l h )\ 2 + \u h -l h \ 2 ) 



and we continue to estimate the last term with the help of Lemma f3. Hi (|3 . 25[) and 
Poincare's inequality by 

<p A I Vth {^D(u h - l h )\ 2 + \u h - l h \ 2 ) <Cr 2 - s j (\D 2 (u h - l h )\ 2 + \D(u h - l h )\ 2 ) 



+ Cr- a (\D(u h - l h )\ z + \u h - l h \ 2 ) 

J B 2r 

<Cr 2 - s f \D 2 u h \ 2 . 

JB 2r 
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Next we estimate 

II <e [ v 4 I p - 2 ,h\D 2 u h \ 2 + -j / I Pth \u h - l h \ 2 
J r Jb 2t 

+ ?(/ ll-2, h \D 2 UH^)H f \D(u h -l h t)i- 
The second term can be estimated as above to yield 

|2 



%\ I P . h \u h -l h \ 2 <Cr 2 - s f \D 2 u h f 

r JB 2r JB 2r 



and for the third term we use the Sobolev-Poincare inequality to get 

C , 



r 



B 2 



( / ll-2,h\D 2 u h \^)H [ \D(u h -l h )\ 4 )i<^([ ll_ 2 , h \&u h \i) 

JB 2t r JB 2r 



4 * 3 



III can be estimated by 

<^ / (\D(u h - l h )\ 2 + I p . h \u h - l h \ 2 ) 

r JB 2r 

+ C 7 f (I 2p -2.h + I P ,h)(\Du h \ 2 + \u h \ 2 + 1) 

JB 2r 

<C(j + r 2 - 8 ) f \D 2 u h \ 2 + C 7 f (I 2p -2,h + I p ,h)(\Du h \ 2 + \u h \ 2 + 1). 

J B 2r J B 2r 

Finally, using some of the estimates from above, the last term is estimated as follows 



C 



,4^3 



B 2r JB 2 



IV ^I ^-2.J^I S ) S (/ \u h -i h \ 4 )i 



+ \ f \u h -l h \ 2 + C 1 ( I 2p -2,h(\Du h \ 2 + \u h \ 2 + 1) 

r JB 2t JB 2r 

<?(/ iU h \D 2 u h \i)i+C 7 [ \D 2 u h \ 2 

r JB r JB 2r 

+ C 7 f h P -2,h{\Du h \ 2 + \u h \ 2 + 1). 

J B 2r 

We also note that we have the ellipticity estimate 

J ^I P - 2 , h \D 2 u h \ 2 <C J <p 4 ~a^d 2 a pul + C J <p 4 I p , h (\Du h \ 2 + \u h \ 2 + l). 
Combining all these estimates we get 

/ I p - 2 . h \D 2 u h \ 2 f ll_ 2h \D 2 u h \^+C( 1 + r 2 - s ) [ \D 2 u h \ 2 

JB r ' JB 2r JB 2r 



C 7 / (I 2p - 2 , h + I p . h )(\Du h \ 2 + \u h \ 2 + 1). 
JB 2r 



Since u e W 3 > 2 (B r ) and U e W 12 (B r ) for r < f§ we can let ft -> and get 
/ VP- 2 \D 3 u\ 2 <-( f V-^-V\D 3 u\?)-i +C( 1 + rt- 5 ) f V^ 2 \D Z 

J Br T J B 2r JBor 



>B r • JB 2r JB 2r 

+ c* 7 ( v 2p . 
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Defining / = (V E z~\D 3 u\) i / 3 , g = V <P a , h = V^f and d = | we conclude the 
inequality 

(3.26) (/ f d )^<C-l .fg + C( 1 + r 2 - 5 )i({ / d )UC 7 (/ h d )i 

J B r J B 2r J B 2r J B 2r 

for all balls B r C Bra.- Next we need the following Gehring type Lemma, which 

16 

slightly generalizes Lemma 1.2 of Bildhauer, Fuchs and Zhong [5] (see also Theorem 
1.1 in 0). 

Lemma 3.12. Let d > 1, p > be two constants. There exists £q > such that 
for all all e < Eq and all non-negative functions f,g,h:Qd R" — > K satisfying 

f,heLf oc (Q), e^ gd G L) 0C {Q) 
and (for some constant C > 0) 

(3.27) (/ f d f«<cl fg + eU /")* + (/ h d )i 

J B J IB J IB J IB 

for all balls B = B r (x) with B2 r {x) CC fl. Then there exists cq = co(n,d,C) > 
such that if 

h d log c ^(e + h)eL} oc (n), 
then the same is true for f . Moreover, for all balls B as above we have 



/ 



f d log Caf, {e + —J- )<cU e^)U f 1 ) 

B \\J\\L d {2B) J 2B J 2B 



(3.28) +cf h d log CoP {e + 

J 2B ||7||d,2B 

where c = c(n,d,f3,C) > and ||/||d,2S = (J 2B f d )^ ■ 

Proof. The proof is very similar to the one of Lemma 1.2 in [5] and therefore we 
only comment on the differences. 

We define Bq = 2B and we assume without loss of generality that 

/ f = l- 

J B 

Next we define the functions d{x) — dist(x, M. n \B ) and 

f(x) =d(x)*f, 
h(x) =d(x)~ s h and 
w{x) =XB (x), 

where x b is the characteristic function of Bo . As in [5] it is now easy to see that 
because of (|3.27j) these new functions satisfy 

(/ f d )~*<ci Jg + CeU f*)*+cU h d f* 

J B J 2B J 2B J 2B 

J 2B 
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and now this inequality is true for all balls B C R™. Hence, by taking the supremum 
over all radii, we get (here M(f) denotes the maximal function of /) 

M(f d )^ <CM(fg) + CeM(f d )^ + CM(h d )^ + CM{w)i. 

For £o small enough we therefore have 

M(f d )^ <CM(fg) + CM{h d )^ + CM{w)-« 

and with the help of this inequality we can copy the rest of the argument of the 
proof of Lemma 1.2 in [5] to finish the proof. □ 

Now we want to apply this Lemma to our estimate (|3.26[) . From the previous 
subsection we know that 

fd =V P-2 lD s ul 2 e L j oc(B ^) and 

h d =V 2 ? e L} oc (B%). 
Hence it remains to check that 

(3.29) ^=^€4^) 

for some constant /? > 0. We actually claim that this is true for all j3 > 0. In order 
to see this we note that by Q3.23P we have that 

\D(V^)\ 2 <ci(r„). 

% 

s 

Next we let r\ e C£°(B?o_) be a cut-off function such that < r\ < 1, rj(x) = 1 for 
all x € Bm and WDtjWl^^b ^ < cr^ 1 . Defining v — r\V% we get that 

16 g 

J \Dv\ 2 <cr^ 2 f V p + cf \DV%\ 2 < c 2 (r ). 

J B rfl J B rn J B 

8 8 8 

Hence we see that u — — £ Hi (B >-o ) and 

\Du\ 2 < 1. 

Therefore, by the Moser-Trudinger inequality (see [10])) there exist constants f3 n > 
and C = C(r ) > such that 

e PoV*> < f e c 2 (r )l3 u 2 < C 

B TQ J Btq 

16 8 

In particular this implies with the help of Young's inequality that for every /3 > 
e^ 2 <c(/3,/3 ) / e^ P <C(r ,/3,/3 ). 

'Bro J Br 

16 16 

Since we also have that 

h d \og a (e + h) = V 2 nog a (e + Vt )e L} oc {B^) 
for every a > we get from Lemma 13.121 that 

/V(e + /)e£L(%) 
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for every a > 0. Hence we obtain that 

\D 3 u\ 2 \og a (e + \D 3 u\) G LUB%) 

for every a > 0. In particular this is true for a > 1 and therefore we can apply 
Corollary 4.6 and Example 4.18(w) of [5] (see also Example 5.3 in [TT] for a different 
proof of this result) in order to conclude that 

ueC 2 (Br ). 

V 32 ' 

In particular this implies that 

(3.30) f V p < cr 2 
for all r < §§. 

In order to show the Holder continuity of D 2 u we go back to (|3.22|) and we estimate 
the last term with the help Lemma 13.111 and (|3.30j) by 

J I p _ 2th (\D(u h -l h )\ 2 ^ + \u h -l h \ 2 ^) 
<C I \D 2 u h \ 2 . 

Inserting this estimate into (|3.22l) . letting h — > and using (|3.30l) we conclude for 
every r < ^ 

(3.31) f \D 3 u\ 2 <C'f \D 3 u\ 2 + Cr?. 

Remark 3.13. This estimate is sufficient for our purposes but by repeating all the 
estimates from subsection \3.2.'A and replacing every application of Lemma \3.10\ by 
(13.301) one can actually improve this inequality in the sense that the term r^ on the 
right hand side can be replaced by r 2 . 

The Holder continuity of D 2 u now follows from (13.31)) by another hole-filling argu- 
ment. This finishes the proof of Proposition 13.81 



4. Compactness results and existence of minimizers 

4.1. Compactness results. We start by quoting the fundamental compactness 
theorem of J. Langer (see also [B]). 

Theorem 4.1. [14j Let £ be a closed surface and p > 2. Assume that fk G 
W^ P (S, 1") is a sequence satisfying G for all k G N and 

(4.1) £ p (fk) < C. 

After replacing fk by fu°^Pk for suitable diffeomorphisms ifk G C°°(S, E) and pass- 
ing to a subsequence, the fk converge weakly in M /2,P (E,]R") to an f G Wj I ^ p (5] J M n ). 
In particular, the convergence is in C 1, ' 9 (E,]R™) for any (3 < 1 — |, and 

(4.2) £P(/)<Uminf£ p (/ fe ). 

A;— >oo 
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In this section we prove Theorem ll.21 which replaces the £ p bound in Langer's the- 
orem by a bound only for W p , under the additional assumption that the Willmorc 
energy is bounded below 87r. Before entering the proof we include two remarks 
about the statement. 

Remark 4.2. One can allow sequences : — ^ R™ in Theorem ] 1. SI where E^ 
are arbitrary closed oriented surfaces. In fact, a bound on the genus follows from 
the condition lim inf/ £ _ i . 00 W(/fc) < 8n by a result of Kuwert, Li & Schatzle [13 . 

Remark 4.3. Connecting two round spheres by a shrinking catenoid neck yields 
a sequence of smoothly embedded surfaces with bounded W p -energy and Willmore 
energy less than 8ir. As the convergence is not in C , this shows that the assumption 
on the Willmore energy in Theorem cannot be weakened. Similar constructions 
are also possible for higher genus, see Kuhnel & Pinkall [12] and Simon [19] . 

To prove Thcorcm ll.2l we need the following area ratio bounds, which are immediate 
consequences of Simon's monotonicity identity [19] . 

Lemma 4.4. Let f : E — > R™ be an embedded closed surface. Then 

(4.3) cr- 2 |EnB CT | < CW(f) for all a > 0. 
Moreover for any p > 2 we have the estimate 

(4.4) a~ 2 \i:nB a \ < ^W(/) + Ccr E ^ for all <r > 0, 
where the constant C depends on W p (/). 

Proof. By equation (1.2) in |19) . we have for < a < oo the inequality 

a- 2 |£n£g < p - 2 \xnB p \ + ^W(f) 

+ \ I p- 2 (x,H)d f i- - [ a- 2 (x,H)dp. 
Letting p — > oo we conclude for every a > 

(4.5) r»|Enfl ff |< \w(J) + ±- I \H\dp. 

The estimates now follow from an application of Holder's inequality. □ 

As second ingredient, we need the following lemma yielding an L p estimate for the 
prescribed mean curvature system. 

Lemma 4.5. Let u £ W 2 ' p (B e ,R k ), where B e = {x G R 2 : \x\ < g} and < g < 

oo, p £ (1, oo), be a solution of the system 

a tf d lp ul =<Pj for j = l,...,k. 
There is an Sq — £q(p) > such that if 

\a"f(x) - 5 afi 5 l3 \ < e for all x G B g , 
then for some C = C(p) < oo we have the estimate 

\\d 2 u\\ lp{b ^ < c(|Mli»( Be ) + e -1 ll-Dw|U»>(B e )). 
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Proof. We may assume that g = 1 and that u has mean value zero on B\. For 
rj € C5°(i?i) satisfying 77 = 1 on Bi and r/ = in B\ \ Bz, we calculate 

atj d 2 ap {r]u l ) =r)<p> + a^{d 2 a0 r])u l + a°f (d a r) dpu 1 + d^daU 1 ). 
Hence we have 

A(V) =(*°% - atfffi^mi*) + 

+ atf(d 2 a0 vW + a^id^dpu 1 + d^d a u l ). 
^From standard L p -estimates and the Poincare inequality we obtain 

II^ 2 MIIlp( Bi ) < Ce \\D 2 ( V u)\\ LHBl) + C(|M| L p (Bl) + \\Du\\ Lv(Bl) ), 
for a constant C = C(p) < 00. This shows the desired result. □ 

Proof of Theorem ] 1.21 Let fk ■ £ — » K™ be a sequence as in the theorem. For each 
g€ S, we let r^q) > be the maximal radius on which f k is represented as a graph 
over the tangent plane at q. We denote by u k . q ■ B rk ^ —> M. n ~ 2 the corresponding 
graph function, obtained by choosing a suitable rigid motion. In particular 

U k>g (0) = and Du k , q (0) = 0. 

For e > we define r k (q,e) = sup{r G (0,r k (q)] : \\Duk, q \\c°(B r ) < £} and 

r k = inf r k (q,e). 

By compactness, the infimum is attained at some point q k € £ and we have r k > 0. 
We will show by contradiction that 

(4.6) liminf r k > 0. 

k— >oo 

Assuming that r k — > we rescale by putting 

~f k : £ -> M™, / fc (p) = -(/ fe (p) - / fe (<Z fc )). 

Clearly, the have local graph representations 

W/c :9 : B Tk ( q y rk R"~ 2 , u k ^ q (x) = — Uk,q{rkx), 

where u k . q (0) = and Du kyq (0) = 0, and 

ll&fc,<2llc°(Bi) + ll-Dwfe^Hco^) < Ce. 
^From the bound W^/fc) < C we further infer that 

/ s = r r 2 / s < err 2 0. 

The prescribed mean curvature system (|3.2p for the u k fulfills the assumption of 
Lemma l4~5l if e = e(p) > is sufficiently small. Therefore we get the L p estimate 

\\D 2 Uk,q\\LP(Bi) ^ C (ll-ff^lliffBi) + ll £, W fc ^|| LP(Sl) ) < C. 

Moreover the monotonicity formula (|4.3|) yields for Br — Br(0) C K™ 

< C -R 2 for any R e (0, 00). 
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We now apply a localized version of Langer's theorem from [6 to obtain a proper 
immersion /q : So — > W 1 , such that the f k converge to fo locally in C 1 '^ up to 
diffeomorphisms. Weak lower semicontinuity of W p implies 

H fo = 0. 

The Gaufi-Bonnet theorem yields 

\A fk \ 2 dfi fk =4W(f k )-4n X (Z)<C, 

and thus we get further 

/ | A fo | 2 dp fo < lim inf / \Af | 2 < C. 

Summarizing, we have that fo : So — > K" is a properly immersed minimal surface 
with finite total curvature. By results of Chern & Osserman, see [7], the immer- 
sion fo admits a conformal reparametrisation on a compact surface with finitely 
many punctures, corresponding to the ends. Moreover, each end has a well-defined 
tangent plane and multiplicity. Now the monotonicity formula from (|4.5I) implies 



^ = ^^^1 + ^ forall*>0. 
Letting k — > oo and then R — > oo we conclude that 
(4.7) l imsup ^™ <2 . 

This means that fo has just one simple end, and is in fact a plane. We now 
argue that the Gaufi map converges to a constant locally uniformly on So = K 2 , 
contradicting the definition of r^. More precisely, from the compactness theorem 
in [6] we know that fk ° 4>k ^ fo locally in C 1 and moreover 

II A- ° 4>k - /o||c°([4) o, 

where the U k C K 2 are open sets with TJ\ C Ui C . . . and K 2 = \J£ =X Uk, such that 
4>k '■ Uk — > /jT 1 (Sfe(0)) is diffeomorphic. Now fk{qk) — by construction, therefore 
there exists a pk € Uk with 4>k(Pk) = Qk- hi particular we have 

fo(pk) = fo{Pk) ~ (fk ° 4>k)(Pk) 0. 

Since fo is proper, we get pt -) p € I 2 after passing to a subsequence. Now by the 
indirect assumption, there exist Xk € B\(0) such that for all k 

\Du k , qk (x k )-Du k , qk (Q)\ > \ >0. 

Denote the corresponding point by q' k <G S. Then |/fe(gl)| < C, and hence there are 
points p' k £ R 2 with 4>k{p'k) — l' k - This implies 

1/04)1 < \M) - (h o ^)(/ fc )| + |A(^)I < c. 

Using again that fo is proper, we conclude after passing to a further subsequence 
that p' k -> p' e R 2 . But now T p f = linifc-^oo T Pk (f k o = limfe-^ T gfc / fc , 
and analogously T p </ = lim^oo T q i f k . From the indirect assumption, we obtain 
T p f 7^ Tpif, contradicting the fact that / parametrizes a plane. 
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Given (|4.6j) we may finally use Lemma 14.51 with g := inikesfk > to get 
/ \D 2 u k , q \ p <C for all q G E, k G N. 

2 

The global mass bound and a standard covering argument then imply that 

£ p (/fc) < C for all fc G N. 
The desired conclusion now follows from Theorem 14. II □ 



4.2. Existence of minimizers. Combining Theorem 14.11 with our regularity from 
Theorem ll.il we immediately get 



Theorem 4.6. For a closed surface E and p > 2, denote by cx^(p) the infimum 
of the energy £ p among all smooth immersions from E into W n . Then oQ(jp) is 
attained by a smooth immersion f : E — > K™. 

Proof. Using mollification it is easy to see that 

a$(p)=m£{E*(f):feW??p,R n )}. 

Thus the limiting map / G W^f(Yi, W 1 ) of a minimizing sequence obtained from 
Theorem 14.11 is a critical point of £ p , and hence smooth after composing with a 
diffeomorphism by Theorem ll.il □ 



For any fixed immersion / : E — > M" we have 

limagfa) < Urn £ 9 (/) = £ p (f). 

Taking the infimum with respect to / shows that the function : [2, oo) — > K 
is upper semicontinuous. In particular, the function is continuous from the right 
since it is nondecreasing. For A > and / : E — > K™ fixed we also note 

a£(2)<£ 2 (A/) = ^ Ms (E) + i f |A| 2 ^ ff <^ 9 (E)+£ 2 (/). 

J E 

Letting A \ and taking the infimum with respect to / shows 
(4-8) a£(2)= inf - f \A\ 2 d N . 

Recall that by the Gaufi equation and the Gaufi-Bonnet theorem 
(4.9) W) = 7 / \A\ 2 df, g +nx^). 



The infimum of the Willmore energy among immersions of E into R n satisfies 
< 87r [2]. Thus for p > 2 close to 2, we conclude for a minimizer / of £ p that 

W(/) < £ p (/) + ttx(E) = a|(p) + 7T X (E) < 87T. 

In particular, these minimizers are embedded by the Li-Yau inequality [15) . 



Next we define the number /3§(p) as the infimum of the energy W p among all 
smooth immersions from E into 1™. Repeating the previous discussion with /3§ 
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instead of a§ we conclude that for every sequence of immersions f k : £ — > K n with 
W p {fk ) — > and p — 2 small enough we have 

< W p {f k ) -> /3£(p) < 87T. 

Combing this estimate with Theorem II .21 Theorem 13 . 1 1 and arguing as in the proof 
of Theorem 14.61 we get 

Theorem 4.7. There exists 2 < pq < oo such that for every closed surface E and 
every 2 < p < pq the number /3j,(p) is attained by a smooth immersion f : E — > R n . 

The numbers a s (p) and /3g(p) depend only on the topological type of E. This can 
be refined by minimizing in regular homotopy classes of immersions / : E — ► R n . 
Theorem 14.61 and Theorem 14.71 extend without any difficulties. 

5. Palais-Smale condition 

Here we show that for p > 2 the functionals £ p resp. W p satisfy the Palais-Smale 
condition resp. a modified Palais-Smale condition, up to the action of diffeomor- 
phisms on E. For / G W^f (£,R n ) and any V G VF 2 > p (E,ir) we define the norm 

IMIw;-(e) = ( / (iv(w)if + + |vr) d/x ff ) 

where g € W 1 ' P (T°' 2 E) is the metric induced by / and V denotes its Levi-Civita 
connection, with Christoffel symbols locally in L p . In particular, the norm is well- 
defined. Now put 

\\D£ p (f)\\ f = sup{D£ p (f)V : V G W 2,p (£, R n ), \\V\\ W 2. P(S) < 1}, 

resp. 

\\DW(f)\\f = sup{DW p (f)V : V G W 2 < p (X,R n ), ||V|| W »,* (E) < 1}, 

For any diffeomorphism ^ G VF 2,P (E,E) we have that (/ o <p)*g cuc = f*(f*g C uc), 
which implies \\V o (/?||/om = ||^||/ and therefore 

(5-1) o^ll/o*. = ||^(/)||/, 

resp. 

(5-2) lpW p (/°^)ll/o P HPW^/)ll/, 
Now we can formulate the main results of this section. 

Theorem 5.1. Let f k G Wj£{Y,,W), p > 2, be a sequence satisfying 

£ p (fk)<C and \\D£*(f h )\\ fh ->0. 

Then, after choosing a subsequence and passing to fk o ip k for suitable diffeo- 
morphisms ip k G C°°(E,E), the fk converge strongly in W /2,p (E,R n ) to some 
f G ' P (E, M"), and f is a smooth critical point of £ p . 

Theorem 5.2. Let f k G W££ (E, R"), 8 > 0, p > 2, be a sequence satisfying 

W p {fk)<C, W(f k )<8n-6 and \\DW p (f k )\\ fk -> 0. 

Then, after choosing a subsequence and passing to f k ° ip k for suitable diffeo- 
morphisms ip k G C°°(£, £), the f k converge strongly in W 2,P (E,R") to some 
f G W it £(E,M. n ), and f is a smooth critical point ofW p . 
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Since the arguments for the two results are very similar (thanks to Theorem |47 
and Theorem 1 1 .2|) we only present the proof of Theorem 15.11 



Proof. Langer's compactness theorem [14] yields that after passing to a subsequence 
fk o tp k -> / in the C 1 topology and weakly in W 2 ' P {T,, R"), where / e W£f (£, E n ) 
and ipk € C°°(E, E) are diffeomorphisms. It remains to see that the convergence is 
strong in W 2 ' P (T>, R"), for which it suffices to consider the local convergence of the 
graph representations over a disk B r C I 2 . Namely, then the assumption implies 
that / is a critical point of £ p and is hence smooth by Theorem ll.il after composing 
with a further diffeomorphism. 

Let Uk, u g W 2,p {B r , R™ -2 ) be the graph functions for fk and /, respectively. 
Then Uk — > u in C 1 (£?,.), weakly in W 2 ' p (B r ), and we can assume 

(5.3) \\Du k \\ c °iB r ) <L< 1 a nd\\u k \\ p w2 , HBr) <Ce p {f k )<C. 

We let ipk = il( u k — u) where XB r/2 < V < Xb t is a cut-off function. Clearly 

(5.4) \\ipk\\c'HB r ) -> and Hi/'fellw^^B,.) < C. 

Next we recall from (|2.2I) the Frechet derivative, in a graph representation: 



(5.5) D£P(/ fe )(0,^fe)= f (af(Duk,D 2 u k )d 2 a ^l+bf(Du k ,D 2 Uk)d a i;k), 



where 

af(Du k ,D 2 u h ) = ^{l + \Ak\ 2 )^B^'\Duk)d 2 x ui^tik, 



dB 



+ I (1 + MtRS S (i ,„ i) . 

Here (g fc ) Q ^ = 5 a p + (d a u k , dpu k ) and B^ PnX (Du k ) = g^g^i^j ~ 9k" d u- u k d ^ u l)- 
We see easily that 

af {Du kl D 2 u k ) < C{l + \D 2 u k \ 2 ) v -^, 
b?{Du kl D 2 u k ) < CL(l + \D 2 u k \ 2 )?, 
and obtain for k — > oo 

(5.6) I af(Du k ,D 2 Uk)(d 2 a ^l- V d 2 a0 (ul-u 1 )) -+ 0, 

(5.7) / b<*(Du k ,D 2 u k )d a ^l ->0. 



Now using (|5.3I) and (|5.4I) we get |j(0, i>k)\\w 2 ,p < C HV^II w 2 -p < an d hence 

/ k 

D£P(f k )(0,^ k )^0 asfc^oo, 



using the assumption of the theorem and (|5.1I) . Combining with (|5.6p and (|5.7I) . 
and noting that a^ 13 {Du, D 2 u) e L p (B r , R™~ 2 )', we conclude 

I r](af(Duk,D 2 Uk)-af(Du,D 2 u)^dip(u k ~u r )^0 as k -> oo. 



28 



ERNST KUWERT, TOBIAS LAMM, AND YUXIANG LI 



But since u k — > u in C 1 (_B r , 1" 2 ) we also have that 

V (af(Du k ,D 2 u k ) - af{Du,D 2 u k ))dl p {u k - u l ) -> 0, 
and by adding the last two equations we get 

J T ] ^af{Du,D 2 u k )-af(Du,D 2 u)^dl fs {ul-u l )^0 as k -> oo. 

Finally we use the ellipticity, see (|3.14[) . to estimate 

f V (af{Du,D 2 u k ) - af(Du,D 2 u))d 2 ap (ul u*) 

= I V I' ^(Du,D 2 u + tD 2 (u k -u))dl(u{-ui)d 2 a p(ul-u*)dt 
JB r Jo dq J x ^ 

~ A / V Jo { 1 + \ D2u + tD2 ^ Uk ^ u ^ 2 )~\ D2 ^ Uk ~ u ^ 2dt 

> cX [ \D 2 (u k -u)\ p . 
Jb t/2 

In the last step we used the elementary Lemma 19.27 from [T7]. Altogether we have 
proved local and hence global convergence in W 2,p . □ 
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